AXISYMMETRIC ROTATING FLUID EQUATIONS 



OLFA BEJAOUI 



Abstract. We investigate the equations of anisotropic axisymmetric incompressible 
viscous fluids in the exterior of a cylinder of R 3 , rotating around an inhomogeneous 
vector B(t,r). We prove uniform local existence with respect to the Rossby number 
in suitable anisotropic Sobolev spaces. We also obtain the propagation of the isotropic 
Sobolev regularity. This extends the results of [25] . 



1. Introduction 

The motion of incompressible rotating fluids in a domain f2 of IR 3 is described by the 
following system of equations 

1 

d t u £ + (u £ .V)u £ - u h A h u £ - v v dl A u e + - (u £ x B) + Vp 6 = in Q, 



(S £ ){ 



e 

div u £ = in f2, 



= on dfl, 
u £ (0,x) = it (z), 

where u £ is the velocity field and p £ is the pressure. The constants Uh > and v v > 
represent respectively the horizontal and vertical viscosities. The symbol stands for 

the horizontal Laplacian and the term — (u £ x B) represents the Coriolis force, where B 

is the rotation vector and e is a small parameter. We assume that B is a smooth func- 
tion with bounded derivatives, depending on time t and horizontal variables Xh (that is 
x = (xh,X3)). Generally, it is a vector field directed along the x$ coordinate. Additional 
assumptions on B will be made later. 

Notice that if B = in the system (S £ ), then we get the classical incompressible Navier- 
Stokes equations. It is well known (see [Mj) that if no is only in L 2 (M 3 ) and v v > 0, then 
a global weak solution exists. The uniqueness of such solution is an outstanding open 
problem. Concerning strong solutions, the pioneer work goes back to Fujita-Kato [12] 
where local existence and uniqueness were obtained in i?2(R 3 ). Moreover, if the initial 
data is small enough then the solution is global in time. We also refer to |19| for well- 
posedness in thin domains and in the anisotropic Sobolev spaces H 0,s . We recall that H 0,s 
is the space of functions which are L 2 in the horizontal variables and H s in the vertical one. 

Let us then consider the case v v = 0. The anisotropic Navier-Stokes system with van- 
ishing vertical viscosity was studied for the first time in [9] , where local existence for large 
data and global existence for small data were obtained in the anisotropic Sobolev spaces 
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H°' S (R 3 ), s > |. Note that in the uniqueness was proved only for s > |. Later on, 
D. Iftimie ([21]) filled the gap between existence and uniqueness by proving uniqueness 
for s > ^. Recently, M. Paicu obtains the uniqueness in the critical Besov space £> 0, 2(R 3 ) 
0(see |27J). 

Let us now recall some well-known facts about the constant case B = := (0,0,1). 
For a physical motivation we refer the reader to the book of J. Pedlosky [30] as well as to 
[HJ [15]. As the singular perturbation is a linear skew-symmetric operator, weak solutions 
can be constructed by the approximate scheme of Friedrichs when v v > 0: approximate 
solutions are obtained by a standard truncation in high frequencies. In [9], J.-Y. Chemin 
et al. obtained local existence in the anisotropic Sobolev spaces ^0,1/2+6(^3) and the 
global existence for data which are small compared to the horizontal viscosity. They also 
proved the global existence of the solution for anisotropic rotating fluids. In [28], global 
existence of the solution for rotating fluids with vanishing vertical viscosity was shown in 
the periodic case. Other related results can be found in [9| [10| 128]. 

Let us focus now on the variable case B = B(t, Xh). As for the constant case, the classi- 
cal proofs of existence of weak solutions for the Navier-Stokes equations can be extended to 
(S e ) when v v > 0. The asymptotic of those solutions was investigated by I. Gallagher and 
L. Saint-Raymond in [16]. Using weak compactness arguments, they showed that weak 
solutions converge to the solution of a heat equation in the region when B is non stationary. 

The existence of strong solutions in Sobolev spaces was the main goal of a recent work 
of M. Majdoub and M. Paicu [2?]. They obtained global existence for small initial data, 
and uniform local existence for large data under the assumption that the field B depends 
on t and x\ (or t and x?). 

In this paper, our main concern is to improve this assumption on the field B in order 
to get uniform local existence in the general case. To do so, we restrict ourselves to the 
axisymmetric case. This means that we assume that the velocity u £ and the pressure p £ 
are axisymmetric (see Definition 2.3 below). We also assume that the domain Q is the 
exterior of some cylinder. We obtain uniform local existence with respect to the Rossby 
number e as well as the propagation of the isotropic Sobolev regularity. 

It is expected that similar results can be shown in the case of the whole space M 3 . This 
will be dealt with in a forthcoming work. 

The paper unfolds as follows: section 2 contains some notations needed in the statement 
and the proofs of our results. In the third section, we present the functional spaces used 
along this paper and we state the main results. Section 4 is devoted to the proof of the 
uniform local existence and to the propagation of the isotropic Sobolev regularity. A few 
technical lemmas have been postponed in the final section. 

Finally, C will denote a constant that does not depend on e but that may change from 
line to line. 

2. Definitions and notations 
Here we give the definitions of axisymmetric domains and axisymmetric vector fields. 

^This space is close to H°'^ . However, as far as we know, there is no result in H 0, z. 



Definition 2.1. We denote by (r, Q,Xz) G M+x] — 7r,7r[xIR the cylindrical coordinates in 
M 3 , where r and are defined by 



x i + x \i x i = r cos $ an d X2 = r sin 0. 

Definition 2.2. An open domain f2 of R 3 is said to be axisymmetric if for every rotation 
r around the vertical axis e 3 , we have r(f2) C f2. 

Definition 2.3. An axisymmetric vector field u, defined on an open axisymmetric domain 
of M 3 , is a field having the representation^ 

u(r,x 3 ) = u T (r,x 3 )e r + u e (r,x 3 )e e + u 3 (r,x 3 )e 3 

in the cylindrical coordinate system, where 

e r = (— ,— ,0), e fl = ( ,— ,0), e 3 = (0,0,1). 

ry* iy iy ly 

Let us then introduce some useful notations. We denote by 

V{Q) = {«£ (C c °°(tt)) 3 , divu = }, 

where C^°(0) is the space of smooth functions compactly supported in the domain £1 := 
fi/, x K. Here 0^ is given by 

O fe :={(xi,x 2 )6M 2 , x\ + xl> p 2 >0} , 

where p is a fixed positive number. The notation {■/ -)e corresponds to the inner product in 
the functional space E and the symbol di stands for the partial derivative in the direction 

X% • 

For an axisymmetric vector field u defined on Q, we write u{xh,x 3 ) = u(r,x 3 ), and we 
define its vertical Fourier transform by 

F V (u){x h ,&) = [ u(x h ,x 3 )e~^dx 3 . 

The operator of localization in vertical frequencies (N E N), is defined by 

F\S^u){x h , .) = * {2~ N \.\) J*(u)(x h , .), 
where ^ is a smooth compactly supported function with values in [0,1] such that 

f*(a) = l, if se [0,1] 
|#(s) = 0, if |«|>2. 

3. Functional spaces and statement of the results 

In order to proceed in a more easy way, we give definitions and properties of some 
functional spaces used along this paper. In the frame of anisotropic Lebesgue spaces, the 
Holder inequality reads. 

Lemma 3.1. Holder inequality 

Let 1 < p, p', p", q, q', q" < oo be numbers such that — = — - H — - and- = — H — -. Then, 

p p p q q' q' 

we have 
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u is called the swirl component. If u = 0, we say that u is an axisymmetric vector field without 
swirl. 



Let us recall the definition of isotropic Sobolev spaces. 

Definition 3.1. Let m > 1 be an integer. The space Hq^Q) is defined as the closure of 
V(fi) in the space H m ({l) for the norm 

Considering the anisotropy of the problem, we use spaces of functions that take into 
account this anisotropy. More precisely, we use anisotropic Sobolev spaces. Such spaces 
have been introduced by D. Iftimie in |19| . 

Definition 3.2. Let s be a real number. The norm || - ||jyo. s (r2) i s defined by 

IMIfl<Wm = / \\u{x h ,.)\\ 2 H sdx h , 

where 

IK^,.)fe = / (i + ei) s l^ v W(^,6)i 2 ^3. 

We define the norm H-H^i^n) by \\u\\ H i,s^ n) = || V h u\\ H o,s^y 

Throughout this paper, we consider spaces constructed on the Sobolev space H 0,S (Q). 

Definition 3.3. The space Wq' s (0) is the closure of V(fi) for the ||.||.h-<wq\ norm. The 
space 7^Q' s (f2) is the closure of V(O) for the ||-||_f/i,s(Q) norm. 

Let us stress that in all what follows, we consider 0, = 0,^ x R and we suppose that 
B = B(t, r) is a C°° vector field defined on f^. 

Now, we are ready to state the main results of this paper. 

Theorem 3.1. Assume that uq G Ti. ' s (fl) is an axisymmetric vector field with s > |. 
Then, there exists a time T > independent of e and a unique solution u e to (S £ ) such 
that 

u £ eC([o,r],^ s (fi))nL 2 ([o,r],^ s (fi)). 

Theorem 3.2. Let m > 1 be an integer and assume that uq G 7i™{Vt) is an axisymmetric 
vector field. Then, there exists a time T > independent of e and a unique solution u £ to 
(S £ ) such that 

u £ G C([0,r],H^(O)); V h u £ G L 2 ([0, T], 

We mention that Theorem 13.21 is a consequence of Theorem 13.11 and of the following 
result about the Navier-Stokes equations with vanishing vertical viscosity proved in [25] 
in the case of the whole space. 

Theorem 3.3. Let m > 1 be an integer and assume that uq belongs to Then, 
there exists a positive time T such that the Navier-Stokes equations with vanishing vertical 
viscosity admits a unique solution u satisfying 

u g c([o,r],?c(fi)) ; V ft n G L\[0,T],H^(n)). 

Let us denote by T* the maximal time of existence; if T* is finite, then 

t 

II V h u(r) Higc^l + \Hr)\\ 2 L?DiLl) )dT = +oo. 




4. Uniform local existence results 



The main goal of this section is to prove uniform local existence of strong solutions 
with respect to the Rossby number e. The first step consists in splitting the initial data 
into a small part and a regular one. Hence, we get two systems: a globally well-posed 
linear system associated to the regular part of uq with solution v £ and a nonlinear one 
associated to the small part with solution w £ := u £ — v £ . We have only to show the local 
uniform existence of w £ . As in [25] . we use energy estimate and a Gronwall's lemma. 
The most delicate term to estimate is (v £ .Vv £ /w £ ) H o, a , and here comes the importance of 
considering axisymmetric vector fields and the fact that the domain SI does not contain 
a neighborhood of zero. The key idea is, then, to use extension operators and Sobolev 
embeddings. 

We now come to the details of the proof of Theorem 13.11 
Proof of Theorem \3.1\ 

First of all, using the operator of localization in vertical frequencies , we decompose 
uq into two parts. As no belongs to the space TLq' s (SI), we obtain 

lim ||(J - S^,)u \\ H o,s = 0. 

N'— >+oo 

Hence, there exists a positive integer N such that — S^)uo\\ H o, a < cu^, where c > is 
a small constant. Then, we split the system (S £ ) into 

d t v £ N - Vh^hV £ N + - (v% x B) + Vp £ N = in SI, 



(Sf) 



and 



(SI) 



divv £ N = in fl, 
v £ N = on dSl, 

y N (o,x) = s x N 3 u , 

d t w £ N + {w £ N + v £ N ).V(w £ N + v £ N ) - v h A h w £ N + ^ (w £ N x B) + Vp £ N = in n, 

divu^ = in Q, 
w £ N = on dfl, 



lw* N (0,x) = (I-S x N *)u o . 

Let us notice that S^uq belongs to Hq' s (Q). As (5f) is a linear system with a regular 
initial data, there exists a unique global in time solution 

v% g l°° (r+ , n° ' s (si) ) n l 2 (r+ , nl' s (n) ) . 

Therefore, we need only to prove the uniform local existence of w £ N . In other words, we 
will prove that w £ N which is small with respect to at t = remains so for a certain time. 
Thus, let us define 

T £ ,n = SU P \t > 0/ V < t' < t, \\w £ N (t')\\ H o,s < 2cu h y 

As w £ N is a divergence free vector field, we obtain 

(Vp £ N /w £ N ) H o,s = -(p £ N / dww £ N ) H o,s = 0, 

and as the vector field B is independent of X3, we get 

(w £ N x B/w £ N ) H o,s = 0. 



Hence, computing the H 0,s scalar product of (5|) by w e N leads to 

1 d II e ii2 , ||Y7 e ||2 ^ t^e, 1 , . m£.3 . ^£,4 

2(ft ^ °' 3 ^ ^ °' S """ AT + J Af + J Af ' 

where 

T^ 1 = \(wn-Vw £ n /w £ n ) h o, s \, 

Tn 2 = \(v £ N .Vw £ N /w £ N ) H o, s \, 

T^ 3 = \(w £ N .Vv%/w%) H o, s \, 

T £ / = \{v e N .Vv%/w%) H0 ,s\- 
Let us now bound these four terms. 

As in [25], the following lemma is the main ingredient to estimate the first term. We 
postpone the proof to the fifth section. 

Lemma 4.1. Let s > 1/2 be a real number. For any vector fields u and v belonging to 
WS''(fl) n Wj ,a (n), we have 

1 II 3 

\(u.Vv/v) H o,s\ < C(\\u\\^ 0i3 \\V h u\\^ 0ta \\v\\^ J\V h v\\^ 0ig 
+ II VfcWlljj-CM \\v\\ H o,s \\V h v\\ H o,s). 

In particular, if u = v, then 

\(u.Vu/u) H o,s \ < C\\u\\ H o,s\\Vhu\\ 2 H o iS . 
Thanks to this lemma, we have 

T^ 1 < C\\w £ N \\ H Q, s \\V h w e N \\ 2 H o, s . 
Hence, we get on the interval [0,T Ei n[ 

Applying again Lemma 14.11 for the second term, we obtain 

T^ 2 < C [|^[||o,J|V h t^|||o,.||«^[|| ..||V A T^[|| 0> . 

+ C , ||V^||j ? o, s ||u;^|| J? o, s ||V^|| i? o, s . 
i i 

Using the convexity inequality ab < 9ae + (1 — , we get on the interval [0, T £i jv[ 

T e / < C||u^||^ ,.||V h ^||| r o > .(l + Ht^lllt.,.) + ^llVfci^H^,,.. 

Now we have to estimate the third term X^ 3 . First of all, we split it into two parts 
T^ 3 = {w £ N)h .V h v e N /w e N ) H o,s + (w e N ^.d 3 v £ N /w e N ) H o,s. 

The Cauchy-Schwarz inequality leads to 

\(w e N)h .V h v £ N /w £ N ) H o, s \ < \\w £ N ^ h .V h v e N \\ H o, s \\w £ N \\ H o,s. 

The following lemma will be useful for the estimate of {{w^ h .V hvj^\\jjo,s . We refer to the 
fifth section for the proof. 

Lemma 4.2. Let s > \ be a real number. For any axisymmetric vector fields u and v 
such that u G Hq ,s (Q) D H ' s (d) and v E Hq ,s (Q), we have 

\\uv\\ H o,s < C\\v\\ H o,s (\\u\\ H o,s + llVfctill^) . 



Hence, we get 

\\w £ N)h -V h v £ N \\ H o l3 < C\\V h v N \\ H o,s(\\w £ N\\ H °,° + llVfcti^Hflt),.), 
and then, we obtain 

\(w £ Nih .V h v £ N /w £ N ) H o, s \ < C\\V h v £ N \\ H o,s\\w £ N \\ 2 H o, a +C7||to^|| fl o,.||VhT;^|| fl o,.||Vftti^|| fl o,. 

< ^\\Vhw E N \\ 2 H o,s + c||«^||^o,.(||v fc t^||HO,. + liv^y| , s )- 

Using again the Cauchy-Schwarz inequality, we get 

\(w £ N j.d 3 v £ N /w%) H o, s \ < \\w £ Nj3 .d 3 v N \\ H a,s\\w N \\ H o,s- 

Lemma 14,21 implies that 

\\w £ Nt3 .d 3 v £ N \\ H o,s < C\\d 3 v £ N \\ H a,s(\\w £ N \\ H o,s + \\V h w e N \\ H o,s). 

To estimate the term ||o(3«^-||fl-o,i , it is worth noting that S^v £ N = v £ N . As B is independent 
of x 3 , we have 

S^(v £ n xb)=(S^v £ n )xB. 
Thus, v £ N and S^v £ N satisfy the same equation. Moreover, we notice that 

v N/t=0 = ^N V N/t=0 = Sn U 0- 

By uniqueness we get S^v £ N = v £ N . Consequently, we have 

\\d 3 v £ N \\ H0 , s < C\\v N \\ H o, s , 

and then 

\{w £ N , 3 .d 3 v £ N /w £ N ) H o,s\ < ^HVfc^H^o,. +C||«^||^ ,.(||«^||^ 0> . + i^y^o,*). 
So, it turns out that 

T £ / J < C \\w £ N f H0 , s {\\v £ N \\ H0 ,s + \\v £ N f H0 ,s + llVftt^Hflt... + ||V^||^o, s ) 

Now, we deal with the fourth term T^ 4 . As v £ N is a divergence free vector field , an 
integration by parts leads to 

In = (div{v £ N ®v £ N )/w £ N ) H o,s 

= Oat ® v £ N /V h w £ N ) H o, s + (d 3 (v £ N <g> v £ N )/w £ N ) H o, s . 

First, we estimate the term (v £ N <g> v £ N /VhW £ N )ffo,3. Thanks to the Cauchy-Schwarz 
inequality, we obtain 

(v £ N <g> v £ N /V h w £ N ) H o, s < \\v £ N ®V £ N \\ H 0,s\\V h W £ N \\ H 0,s. 

The fact that S^v^ = v £ N implies that 

\\v £ N ®v £ N \\ H o,s < C\\v £ N ®v £ N \\ L 2 in) 

< C\\V £ N ® V £ N \\ L 2 {L 2 h) . 

As \\v N <g> v £ N \\ L 2^ L 2^ is equivalent to <g> v N\\Ll(L 2 (rdr))i we get by the Holder inequality 

\\v £ N <g> V £ N \\ L 2( L 2( rdr ^ < \\v £ N || L™{L A {rdr)) \\ v n\\lI (L 4 (rdr))- 

Since we have S^v e N = v £ N , Bernstein lemma yields 

ll w ArlUg°(i 4 (rdr-)) - C\\v £ N \\ Ll(L 4 (rdr))- 



Hence, we get 

\\v £ N ®v £ N \\ L 2 {n) < C\\v e N \\l l(LHrdr)) . 

Notice that [|«^-(., £C 3)[|L 4 (rdr) = \\ rIv N(-' x ^)\\L 4 (dr)- We suppose that X3 is fixed and we 
define ipx' 3 N (r) := riv £ N (r,x 3 ). Using the assumption made on the domain Q, we infer 

W^xfh^dr) < — \\v £ N (;X3)\\L*(rdr) 

and 

Q Q _ 

\\9 r ipx 3 \\i^(dr) < —\\v £ N (-,x 3 )\\ L 2 {rdr ) + — \\d r v £ N (., x 3 )\\ L 2( rdr) . 

Pi pi 

Since v £ N is axisymmetric, then \\VhV £ N (., x 3 )\\ L 2 and \\d r v £ N (., x 3 )\\ L 2^ rdr ^ are equivalent. 

But, as v £ N (., 23) is in L 2 (f2/j) with VhV £ N (., x 3 ) in L 2 (0^), then we get ipx 3 £ +oo[). 
In order to use Sobolev embedding on the whole space R, we need to extend the function 
ipx' 3 N - The following extension lemma is needed. 

Lemma 4.3. There exists an extension operator 

P : tfQp, +oo\) -> fr J (R) 

-P""/]p,+oo[ = 

II-P^IIl^r) < c|I w IU 2 (]/s,+oo[)j 
< c|| -u ll// i (]p,+oo[)- 

Remark 4.1. We can consider (for example) 

p^3)={t'* 3) ' if ; > f p < 

I u(2p — r, X3J, 11 r < p. 
More general results about extension operators can be found in [3] for instance. 

Now, we continue the study of the term (v £ N (g> v £ N /V hw £ m) H°' s ■ Thanks to Sobolev 
embeddings, we get 

ll^flU*( d r)<C||P^fll---l 

By interpolation, we have 



<=3 "tffj 



1 3 

< \\ih £ ' N \\ 4 \\ih £ ' N \\ 4 

- WVxs llH!(]p,+CX3[)ll^3 llL 2 (]p,+oo[) 

< ii^fiu 2 f^ + ii^fiiL^ii^fiii 



V 3 -r- Wx 3 n&wnUrWs H^dr)' 

Hence, we get 

. 3 1 

\\v £ N (;X3)\\ L *( rdr ) < C\\v £ N (.,x 3 )\\ L 2 irdr) + C\\v £ N (.,x 3 )\\l 2{rdr) \\d r v £ N (.,x 3 )\\l 2{rdr) . 

Taking the L 2 , norm, we obtain thanks to the Holder inequality 

1 3 . 

\\v £ N \\Ll(Li(rdr)) < C\\ d r V £ N \\ ^ {L 2 {rdr)) \\v £ N \\ £2 {L 2 {rdr)) + C\\v% \\ L 2 {L 2 {rdr)) , 



and then 

{v e N ®v £ N /V h w e N ) H o, s < ^\\V h w £ N \\ 2 H0>s + C\\V h v £ N \\ L 2 (n) \\v £ N \\l 2{n) + C\\v £ N t L2{n) . 

As v e N is localized in vertical frequencies, the term {d^{v £ N (g> v £ n )/w £ n ) h q,s is estimated as 
the term (v £ N <g> v £ N /V hW £ N ) H o, 8 and we get 

(d 3 (v £ N ® v £ N )/w%) H o,s < C||tw^||^,,. + C\\V h v e N \\ L 2 {sl) \\vf L2(p:) + C||^||£ 2(n) . 

Considering all the above estimates, we get on the interval [0, T e jv[ 

^II^aHIjU* + v h\\% h,W £ N \\ 2 H o,s < C\\w$f\\%o,e(l + H^atH^cm + ||fAr||^o, s + \\V h V £ N \\ H o,s 

+ \\VhV £ N \\ 2 H o,s + \\v £ N \\H°,4VhV £ N \\ 2 H 0,s) + gQ^HVfcti^ll^,,. 

+ C(\\v £ N \\ 3 L 2 in) \\V h v £ N \\ L 2 {n) + ||^||£ 2(n) ). 
By using Gronwall's lemma, we deduce that 

ll«^(t)|||o,. < 



w%(0)\\ho,s + / Cdl^Mlli^njUVfct^Cr)!^^) + \\v £ N (r)\\h (n) )d7 



x exp 



C(l + \\v £ N (r)\\ H o,s + ||^(r)||^o, s + \\V h v £ N (r)\\ H o,s + \\V h v £ N (r) 



+ l|t^(T)||^,.||Vfcl^(T)||^o„)dT 



It is of interest to note that L 2 and H 0,s energy estimates on v% imply that 



N 

t 



\\v e N(t)\\ L 2 {u) +2v h \\V h v e N (T)\\ L2{Q) dT <\\u \\ L 2 m , 

and 

\\vN(t)\\ 2 H o,s +2v h / \\V h v £ N (T)\\ 2 H0 , s dT <\\u \\ 2 H0:S . 
Jo 

Thanks to the Holder inequality, we obtain 

C(||t^(r)||i a(n) ||V fc ^(r)|U 2(n) + \\v £ N (T)\\t Hn) )dT < C||«o||i 2(n) (t + V~t). 
Finally, we get 

\\w £ N (t)\\ 2 H0 , a < [11^(0)11^,,. +C7||«o|li a( n)(* + V*)] xexp(C + Ct + CVt), 

where C > depends on ||iio||#o,s. 

Let us consider a positive real number T such that 

[IKr(0)Hks + C|Kllt 2(n) (T + Vf)] x exp(C + CT + CVf) < {^cu h f. 

Notice that T is independent of e. Therefore, w £ N exists on the time interval [0,T]. But 
as v £ N is global in time, then u £ = v £ N + w £ N exists on the time interval [0,T] and Theorem 
13.11 is proved. ■ 

As said before, uniform local existence in isotropic Sobolev space is a consequence of 
Theorem 13.11 We note that the proof of this fact is contained in [25] , but we give it for 
the convenience of the reader. 



Proof of Theorem [ 

As no belongs to the space TL™(Q), m > 1, then no is in 7^o' m (0). Hence, Theorem 13.11 
yields the existence of a unique solution u £ for the system (S e ) on a uniform time interval 

[0, T] such that ||it £ (t)||#o, s and / ||V hu 6 : ( r )lljfO.«^ r are uniformly bounded on the time 

JO 

interval [0, T]. Let T e be the maximal time of existence of u e in TL^iVL). Theorem 13.31 and 
the inclusion of H° ' m (n) in L™(L\) imply that T £ > T. Thus, we get the uniform local 
in time existence of u e in the space TC^ip). ■ 

5. Product laws 

Before proving the technical lemmas, let us first recall some results about the anisotropic 
Littlewood Paley theory. 

5.1. Anisotropic Littlewood Paley theory. Anisotropic Sobolev spaces can be char- 
acterized using a dyadic decomposition in the vertical frequency space. So, let us first 
recall some elements of the Littlewood-Paley theory, the details of which can be found in 
|19| for instance. 

Let u be a function defined on Q, we have 

^(A^ q u)(x h , .) = <p(}±)7*(u)(x h , .), q > 0, 

^ v (A^n)(x,,.) = X (|.|)^ v (n)(x,,.), 
A v q u = 0, q < -2. 

The positive functions ip and x represent a dyadic partition of unity in M, that is to say 
they are smooth functions such that 

4 3 8 

suppx C B(0, -), suppip C C(0, -, -), 

and \ft e M 

X(t) + J>(2^) = l. 

q>0 

Let us also define the operator 

q'<q-l 

Those definitions enable us to characterize anisotropic Sobolev spaces H 0,s (£l). More 
precisely, a tempered distribution u belongs to H 0,s (£l) if and only if 



oo. 

1 

Moreover, we have 



MlW)-£ 229 l A >lli*( 



q 

The dyadic decomposition is also important for studying the product of two distributions 

thanks to Bony's decomposition. 

Let u and v be two distributions. We have 



We denote 



i 

R(u,v) = Yl A >- A U V - 



9 

i e {o, ±1} 



Thus, we obtain 
We have 



u.v = T u v + T v u + R(u, v). 



A ? V M = Yl AV(5 g v ,_ 1 n.A»+ £ A^^.A 

\q'-q\<4 k'-g|<4 

+ A^(A g v ,n.A 9 v ,_^). 

i e {o, ±1} 

q > q - 4 

The dyadic decomposition is useful in the sense that the derivatives in vertical variable 
act in a very special way on functions localized in vertical frequencies in a ball or a ring. 
More precisely, we have the following lemma the proof of which can be found in [25J, [27J 
for instance. 

Lemma 5.1. Bernstein lemma 

Let p, r and r'be numbers such that oo > p > 1 and oo > r > r' > 1. 

Then, there exists a constant C > such that for any vector field u defined on Slj, x M 

with suppj- y u C M| x 2 q C, where C is a dyadic ring, we have 

2« k C- k \\u\\ Ll{Ll) < \\d k x:i u\\ Ll{Ll) < ^C'Wuh^, 
2* k C- k \\u\\ Lrv{LPh) < RV|| L , K) < 2*C k \\u\\ Lm) , 

\H L r(Ll) <C2 q ^ 1 r)\\ u \\ Lr , {Lly 

5.2. Proofs of the technical lemmas. In this part, we denote by (b q ) q £z and {c q ) q& z 
positive sequences such that 

Y b q < 1 and Y c l - 1 - 

For the proof of Lemma 14.11 we proceed as in [27] where the critical Besov space i3 0, 2 is 
used. 



Proof of Lemma 

The proof of Lemma 14.11 relies on basic inequalities. 
Proposition 5.1. 

For any vector field u in H°' S (Q), we have 

(1) ||A^u|| i2 < Cc q 2- qs \\u\\ H o,s, 

( 2 ) \\ u \\l^(lD < C\\u\\ H o,s, s > ]-. 



For any vector field u in HQ' s (tt)nHQ' s (tt), we have 

(3) \\A v q u\\ L 2 {Lt) < Cc q 2-«'|M|| ,.||V fc u||| ,. 

ill 

( 4 ) IMU«>(r«) < C|HIho,.I|Va«||^o,. ) s > t. 



Proof of Proposition 15.11 

Thanks to the Bernstein lemma, we get 

\\u\\ L ^(Ll) < C^22i\\A y q u\\ L 2. 
i 

As s > |, then the Cauchy-Schwarz inequality leads to (2). 

To get (3), we just have to prove it for u in C£°(fi). Sobolev embeddings imply that 
||A^(.^3)IL4 < C\\A^u(.,x 3 )\\. h 



i 



< C\\A^u(.,x 3 )f T2 \\V h A v qU (.,x 3 ^ 



T 2 - 



Taking the L 2 norm and using (1), we get (3). 
To prove (4), we use the Bernstein lemma to get 



u 



As s > i, we get the result thanks to (3) and to the Cauchy-Schwarz inequality. 
Let us go back to the proof of Lemma 14.11 

We have 

(u.Vv/v) H o,s = ^2 2 ^(A 9 VV W )/A» L2 
q 

= ^2 2 ^(F (? VA» i2 +5> 2 « s (if/A» i2 , 
q g 

where = A y q {u h SJ h v) and F g v = A^(u 3 .d 3 v). 

For the term (F^ / A^v)^, we have thanks to the Holder inequality 

I^Va^i^ii^ii^^^iiav.ii^^. 

Proposition 15.11 leads to 

\\^>\\LULi) < Cc 9 2-^|b||| 0iS ||V^||| , s - 
Bony's decomposition implies that 

T?h rph I rph I T-l/i 

r q — 1 l,q "r J 2,q J 3,<?> 



where 

\q'-q\<4 

I* = A^^V^.A^), 

|g'-?|<4 
% e {o, ±1} 

q > q - 4 

The Holder inequality leads to 

W T tl 2( A^ E \K-iu\\ L ~ (Lf JA-V h v\\ L i. 

Lv(Lh) |?'- 9 |<4 

But, we have 

\\ S q'-l u \\L^(Ll) ^ c \\ u \\l™(lI)i 
then, by Proposition 15.11 we obtain 



Hit || 4 < C2^ s Y c 9 ,2(^>|M|| jvhI|oJvhI, 

vih > \q~q'\<4 



< Cc q 2-* s \\V h v\\ H0 ,s\\u\\>\\V h u\\ 2 



i i 

flt>,.||V h u||| r() ,.. 



As for the term T^,,, the Holder inequality implies that 

H T ^U L §, * E II^VHL^IIA^II^) 

< \\VhV\\ L ~ (L 2 h) Y W A q' U \\Ll(Lt)- 
\q'-q\<4 

Thanks to Proposition 15.11 we get 

U^L 2i 4 < Cc g 2^ s ||V^|| H o, s ||n||| J|V,n||| , s . 

L v( L h > 

For the term , the Bernstein lemma yields 



\\tL\\ 4 < C2i V IIAWA^ iVhwII 

q > q-A 



By the Holder inequality, we obtain 



T ^K.<A, ^ C2 > E KHIl^I|a^v^| l2 . 



L ' (ih) ie{o,±i} 

q' > q- 4 

Thanks to Proposition 15-H we have 



i i 



||T*,|| 4 < C c q 2-^\\V h v\\ H o, \\u\\l 0tS \\V h u\\ 

For the term (F^/A^v) L 2, we use the following decomposition 

(A>3.<^)/A» L2 = + Tl q + Tl q + Tl q , 



where 

Ti q = / Sq_ l u 3 .d3A q 'v.A q / vdx, 
Jn h xR 

= E / [A w g ;S^_ lU3 }d 3 A^v.A^ q vdx, 
Tl q = E / (d«3-^ v ,_ lW 3).03A 9 v A>.A^(ix, 

% = E / A 9 v (S 9 v , +1 (d 3V ).A>3).A>(i*. 

As it is divergence free, we get after integration by parts 

T i,q = \ I S^idivhUf^AgV.A^vdx. 
z Jn h xR 

The Holder inequality leads to 

1^1 < ClI^Cdiv^llioo^jllA^H^^j 
< C||V^|| LSO(LD ||A^||2 ?(I . t) . 

Thanks to Proposition I5.1|, we obtain 

\T?J < C2- 2 «%\\V h u\\ H o,s\\v\\ H o, s \\V h v\\ H o,s. 

For the term T^ q , we use the following lemma (see |27j for the proof). 

Lemma 5.2. Letp,r,s and t be real numbers such that 

1 1 1 

1 < P, r, s, t < oo and - = — I — . 

p r s 

For any vector fields u and v the following inequality holds 

\\[^g;u}v\\ L t L P h < C2~ <! \\d 3 u\\ L °c L r\\v\\ L t vL * h , 

where [A^; u]v = A q (uv) — uA q v. 

Hence, we get thanks to the Holder inequality 

p&i < E wi^s^u^vw * iwi^ 

|?-5'|<4 vih) 

< C E 2- 9 ||^V i a3 U 3||^(^)||5 3 A>|| i g (i 4 ) ||A>|| i , (L 4 ) . 

k-9'l<4 

Since A\t> is localized in vertical frequencies in the ring of size 2 q , we get 

||a 3 A^|| L , (L 4 ) <C2^||A>|| i , (L 4 ) . 
As ^3^3 = — div/jti^, we obtain thanks to Proposition 15.11 

\Tl q \ < C2- 2 «% q \\V h u\\ H o,s\\v\\ H o,s\\V h v\\ H o, s . 
As for the term T% , the Holder inequality leads to 

\T^ q \ < E W S q'-l u 3 ~ 'S'g-l^Loc^ll^A^A^II^^. 

|9-?'I<4 



But, since (S^^us — S q _iU 3 ) is localized in vertical frequencies in the ring of size 2 9 , we 
get thanks to the Bernstein lemma 

ll'SV-l^ - S q _iU 3 \\ L?3 ^ < C2~~ q \\(S q ,_ 1 - S q _ 1 )d 3 v,3\\ L? ,( L 2y 

As u is divergence free, we obtain by Proposition 15.11 

[|(^_! - S^ckmh^ < C2-9||V A «||flt»,.. 

Applying again Bernstein lemma and Proposition 15. 1\ we get as in the above estimates 

\T^ q \ < C2~ 2qs b q \\V h u\\ H o,s\\v\\ H o,s\\V h v\\ H o,s . 

Finally for the term T± , the Holder inequality implies that 

\Tl q \< ll^+iC^IL-^IIA^all^HA^II^^). 

<?'>c?-4 

Thanks to the Bernstein lemma, we get 

\\Sg /+1 (d 3 v)\\ L ^ iL 4 h) < C2 q '\\v\\ L ^ iL 4y 

Proposition 15.11 leads to 

\\S^ + i(d 3 v)\\ LT(Lt) < C2 q '\\v\\l o jV h v\\l , s . 
Using again the Bernstein lemma and the fact that u is divergence free, we infer 

||A^ 3 || X2 <C72"« / ||Aj;V h «|| r 2. 
We get thanks to Proposition 15.11 

\T% q \ < C2' 2qs b q \\V h u\\ H o,s\\v\\ HO ,s\\V h v\\ H o,s. 
Finally, we sum all the estimates to conclude the proof of Lemma 14.11 ■ 

Proof of Lemma \-j.S\ 

The proof of Lemma 14.21 relies on some basic inequalities. 

Proposition 5.2. For any axisymmetric vector fields u and v such that u belongs to 
Hq ,s (£1) n Ttl)' s (Q) and v belongs to Hq ,s (Q), we have 

\\u(.,x 3 )v(.,x 3 )\\ L 2 < C\\v(.,x 3 )\\ L 2(\\u(.,x 3 )\\ L 2 + \\V h u(.,x 3 )\\ L2 ). 



Proof of Proposition \5. 6 d 

By density arguments, we may suppose that u are v are in C£°(f2). 
We have 

r+oo 

\\u(.,x 3 )v(.,x 3 )\\ 2 L 2 < C / u 2 (r,x 3 )v 2 (r,x 3 )rdr. 
h Jp 

But, we have 

f-r 

da 



u 2 (r,x 3 ) = / 2u(a,x 3 )d r u(a,x 3 )< 
Jp 

< 2( K j^\u{o-,x 3 )\ 2 do-y( K j^ \d r u(a, x 3 )\ 2 do-y 

< \j \u(a,x 3 )\ 2 -aday^J \d r u{a,x 3 )\ 2 -a da) 2 . 



Thus, we get 

u 2 (r,x 3 ) < C\\u(.,x 3 )\\ L 2 {rdr) \\d r u{.,x 3 )\\ L 2 {rdr) , 

and then 

||«(.X 3 )t;(.,X3)||L? < C\\v(.X 3 )\\ L 2(\\u(.X 3 )\\ L 2 + ||V h n(.,X3)|| L 2). 



Let us now prove Lemma 14.21 Bony's decomposition implies that 

A^(uv) = T 1>q + T 2s + T 3:Q , 

where 

T 1>q = Yl ^(S^n.A^v), 



\q'-g\<4, 

T 2 , q = Yl AV A s «>-i v - A l 

\q'-q\<4 

J2 A^.u.A^^v). 



'■3,9 



i € {0,±1} 
g' > q - 4 



Proposition 15,21 leads to 

||^_ 1 n(.,X3).A^(.,x 3 )|| i 2 <C7(||5j;_ 1 «(.,a ; 3)||^ + ||V ft Sy_ 1 «(,X3)||^)||Aj;t;(., a :3)|| i ». 
Taking the norm implies that 

||S r ^_ 1 «.A^|| i 2 < CdlS^.jullioo^aj + ||V /l S'^_ 1 n|| iS o (i 2 ) )||A^t;|| L 2. 
By Proposition 15.11 we get 

||7l,J L2 < Cc q 2^ s \\v\\ H o, a {\\u\\ HO , s + HVfcullflO,.). 
For the term T 2tq , Proposition 15.21 leads to 

US^^^.AK^Ik ^ C||S g v ,_ 1 <^3)IL2(||A 9 v ,n(.,x 3 )|| i 2 + \\V h A^u(.,x 3 )\\ L 2 h ). 
Taking the L% norm implies that 

\\S^ lV .A^u\\ L 2 < C\\fy_M\ L ~M)(\\ty*\\v + ||V,A q v , u || L2 ). 
Thanks to Proposition 15.14 we get 

\\T 2 J L 2 < C7q,2-«'||u|| fl t),.(||«|| fl o,. + \\V h u\\ H o,s). 
The term T 3tq is estimated as follows. Thanks to the Bernstein lemma, we get 

\\T 3 J L 2<C £ 2^\\A^u.A^_ i v\\ LULl) . 

i e {o, ±1} 
q > q - 4 

Proposition 15.21 implies that 

||AX,*3).A g v ,_M.,x 3 )|| L 2 < C||A^(.,x 3 )||^(||AX»^)||i2 + ||A 9 v ,V,n(.,x 3 )|| L 2). 
Taking the norm yields 

||A^.A^_^|| ii(iD < C||A 9 v ,^|| L2 (||A 9 v ,u|| i2 + \\A^V h u\\ L 2). 
As s > i, Proposition 15.11 implies that 

||r 2 , 9 || L 2 < C'c 9 2-«'||«|| fl t),.(||u|| H o,. + UVftullflt,..). 



Finally, we sum all the above estimates to conclude the proof of Lemma 14.21 
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